Due to its remarkable energy compaction properties, the discrete cosine transform (DCT) is employed in a multitude of compression standards, such as JPEG and H.265/HEVC. Several low-complexity integer approximations for the DCT have been proposed for both 1-D and 2-D signal analysis. The increasing demand for low-complexity, energy efficient methods require algorithms with even lower computational costs. In this paper, new 8-point DCT approximations with very low arithmetic complexity are presented. The new transforms are proposed based on pruning state-of-the-art DCT approximations. The proposed algorithms were assessed in terms of arithmetic complexity, energy retention capability, and image compression performance. In addition, a metric combining performance and computational complexity measures was proposed. Results showed good performance and extremely low computational complexity. Introduced algorithms were mapped into systolic-array digital architectures and physically realized as digital prototype circuits using FPGA technology and mapped to 45 nm CMOS technology. All hardware-related metrics showed low resource consumption of the proposed pruned approximate transforms. The best proposed transform according to the introduced metric presents a reduction in power consumption of 21-25%.
In [48] , Meher et al. proposed a HECV architecture where the wordlength was maintained fixed by means of discarding least significant bits. In that context, the goal was the minimization of the computation complexity at the expense of wordlength truncation. Such approach was also termed 'pruning'. However, it is fundamentally different from the approach discussed in the current paper. This terminology distinction is worth observing.
Thus, in response to the growing need for high compression of image and moving pictures for various applications [12] , we propose a further reduction of the computational cost of the 8-point DCT computation in the context of JPEG-like compression and HEVC processing. In this work, we introduce pruned DCT approximations for image and video compression. Essentially, DCT-like pruning consists of extracting from a given approximate DCT matrix a submatrix that aims at furnishing similar mathematical properties. We advance the application of pruning techniques to several DCT approximations listed in recent literature. In this paper, we aim at identifying adequate pruned approximations for image compression applications. VLSI realizations of both 1-D and 2-D of the proposed methods are also sought.
This paper is organized as follows. In Section 2, a mathematical review of DCT approximation and pruning methods is furnished. Exact and approximate DCT are presented and the pruning procedure is mathematically described. In Section 3, we propose several pruned methods for approximate DCT computation and assess them by means of arithmetic complexity, coefficient energy distribution in transform-domain, and image compression performance. A combined figure of merit considering performance and complexity is introduced. In Section 4, a VLSI realization of the optimum pruned method according to the suggested figure of merit is proposed. Both FPGA and ASIC realizations are assessed in terms of area, time, frequency, and power consumption. Section 5 concludes the paper. to the following expression [49] :
where k = 0, 1, . . . , N − 1, α 0 = 1/ √ 2 and α k = 1, for k > 0. In matrix formalism, (1) is given by:
where C is the N -point DCT matrix whose entries are expressed according c m,n = α m · 2/N · cos (n +
2 )mπ/N , m, n = 0, 1, . . . , N − 1 [23] . Being an orthogonal transform, the inverse transformation is given by: x = C ⊤ · X. Because DCT satisfies the kernel separability property, the 2-D DCT can be In this paper, we devote our attention to the case N = 8.
DCT Approximations
In general terms, a DCT approximationĈ is constituted of the product a low-complexity matrix T and a scaling diagonal matrix S that ensures orthogonality or quasi-orthogonality [31] . Thus, we haveĈ = S · T [16, 27, 28, 50] . The entries of the low-complexity matrix are defined over the set {0 ± 1, ±2}, which results in a multiplierless operator-only addition and bit-shifting operations are required. Usually possessing irrational elements, the scaling diagonal matrix S does not pose any extra computation overhead for image and video compression applications. This is due to the fact that the matrix S can be conveniently merged into the quantization step of compression algorithms [16, 27, 29, 50] . Among the various DCT approximations archived in literature, we separate the following methods: (i) the signed DCT (SDCT), which is the seminal method in the DCT approximation field [25] ; (ii) BouguezelAhmad-Swamy approximations [27, 29, 30] ; (iii) the rounded DCT (RDCT) [28] , and (iv) the modified RDCT (MRDCT) [50] . These approximations were selected because they collectively exhibit a wide range of complexity vs. performance trade-off figures [50] . Moreover, such approximations have been demonstrated to be useful in image compression. The low-complexity matrices of above methods are shown in Table 1 . Ad- Yes ditionally, we also considered the 8-point naturally ordered Walsh-Hadamard transform (WHT), which is a well-known low-complexity transform with applications in image processing [30, 51] .
Pruned Exact and Approximate DCT
Essentially, DCT pruning consists of extracting from the 8×8 DCT matrix C a submatrix that aims at furnishing similar mathematical properties as C. Pruning is often realized on the transform-domain by means of computing fewer transform coefficients than prescribed by the full transformation. Usually, only the K < N coefficients that retain more energy are preserved. For the DCT, this corresponds to the first K rows of the DCT matrix. Therefore, this particular type of pruning implies the following K × 8 matrix:
where 0 < K ≤ 8 and c m,n , m, n = 0, 1, . . . , 7, are the entries of C. The case K = 8 corresponds to the original transformation. Such procedure was proposed in [32, 46] for the DCT in the context of wireless sensor networks. For the 2-D case, we have that the pruned DCT is given by:
Notice thatB is a K × K matrix over the transform-domain. Lecuire et al. [46] showed that retaining the transform-domain coefficients in a K × K square pattern at the upper-right corner leads to a better energy-distortion trade-off when compared to the alternative triangle pattern [32] .
The pruning approach can be applied to DCT approximations. By discarding the lower rows of the low-complexity matrix T, we obtain the following K × N pruned matrix transformation:
where t m,n , m, n = 0, 1, . . . , 7, are the entries of T (cf. Table 1 ). Considering the orthogonalization method described in [31] , the K×8 pruned approximate DCT is given by:
where The 2-D pruned DCT of a matrix A is given bỹ
Resulting transform-domain matrixB is sized K × K.
Complexity and Performance Assessment
In this section, we analyze the arithmetic complexity of the selected pruned DCT approximations. We also assess their performance in terms of energy retention and image compression for each value of K.
Arithmetic complexity
Because all considered approximate DCT are natively multiplierless operators, the pruned DCT approximation inherits such property. Therefore, the arithmetic complexity of the pruned approximations is simply given by the number of additions and bit-shifting operations required by their respective fast algorithms.
To illustrate the complexity assessment, we focus on the MRDCT [50] , whose fast algorithm signal flow graph (SFG) is shown in Figure 1 (a). The full computation of the MRDCT requires 14 additions. By judiciously considering the computational cost of only the first K transform-domain components, we derived fast algorithms for the pruned MRDCT matrices as shown in Figure 1 .
The same procedure was applied to each of the discussed approximations based on their fast algorithms [25, [27] [28] [29] [30] 50, 51] . The obtained arithmetic additive complexity is presented in Table 2 . We notice that the pruned MRDCT exhibited the lowest computational complexity for all values of K. Such mathematical properties of the MRDCT are translated into good hardware designs. Indeed, in [16] , several DCT approximations were physically realized in FPGA devices. Hardware and performance assessments revealed that the MRDCT outperformed several competitors, including BAS 2008 [27] and RDCT [28] , in terms of speed, hardware resource consumption, and power consumption [16] .
An examination of (6) reveals that the 2-D pruned approximate DCT is computed after eight columnwise calls of the 1-D pruned approximate DCT and K row-wise call of 1-D pruned approximate DCT. Let A 1-D (T K ) be the additive complexity of T K . Therefore, the additive complexity of the 2-D pruned approximate DCT is given by:
For the particular case of the pruned MRDCT, we can derive the expressions below:
for K = 1, 2, . . . , 8.
Retained energy
To further examine the performance of the pruned approximations, we investigate the signal energy distribution in the transform-domain for each value of K. This analysis is relevant, because higher energy concentrations implies that K can be reduced without severely degrading the transform coding performance [23] . In fact, higher energy concentration effects a large number of zeros in the transform-domain after quantization.
On its turn, a large number of zeros translates into longer runs of zeros, which are beneficial for subsequent run-length encoding and Huffman coding stages [53] . We analyzed a set of fifty 512 × 512 256-level grayscale standard images from [54] . Originally color images were converted to grayscale by extracting the luminance. Image types included textures, satellite images, landscapes, portraits, and natural images. Such variety is to ensure that selection bias is not introduced in our experiments. Thus our results are expected to be robust in this sense. Images were split into 8×8 subimages. Resulting subimages were submitted to each of the discussed pruned DCT approximation for all values of K. Subsequently, the relative amount of retained energy in the transform-domain was computed.
Obtained values are displayed in Table 2 . 
Image Compression
Proposed methods were submitted to an image compression simulation to facilitate their performance as an image/video coding tool. We based our experiments on the image compression simulation described in in [25, 27, 36, 53, 55] , which is briefly outlined next. We considered the same above-mentioned set of images, sub-image decomposition, and 2-D pruned transformation, as detailed in previous sub-section. Resulting data were quantized by dividing each term of the transformed matrix by elements of the standard quantization matrix for luminance [53, p. 153] . Differently from [25, 27, 28] , we included the quantization step in image compression simulation. This is a more realistic and suitable approach for pruned methods which take advantage of quantization step.
An inverse procedure was applied to reconstruct images considering 2-D inverse transform operation. Recovered images were assessed for image degradation by means of peak signal-to-noise (PSNR) [53, p. 9] , structural similarity index (SSIM) [56] , and spectral residual based similarity (SR-SIM) [57] . The SSIM compares an original image I with the recovered image R according to the following expression:
where Average PSNR, SSIM, and SR-SIM values of all images were computed and are shown in Table 2 . For a qualitative analysis, Figure 2 displays the reconstructed Lena image computed via the MRDCT for all values of K. Associated PSNR, SSIM, and SR-SIM values are also shown. Visual inspection suggests K = 6 as good compromise between quality and complexity. Indeed, we notice that the PSNR improvement from K = 5 to K = 6 is 3.92 dB, while the PSNR difference from K = 6 and K = 7 is just 0.4 dB.
Combined analysis
In order to compare the discussed approximations, we consider a combined figure of merit that takes into account some of the previously discussed measures. Although popular and worth reporting, mean retained energy and PSNR are closely related measures. Similarly, the SR-SIM is a derivative of SSIM. For a combined figure of merit, we aim at selecting unrelated measures; thus we separated the 2-D additive complexity, PSNR, and SSIM values, whose numerical values are listed in Table 2 . Such combined measure is proposed as the following linear cost function:
where α 1 , α 2 ∈ [0, 1] are weights; and NMSSIM and NMPSNR represent the normalized mean SSIM, and normalized mean PSNR, respectively, for all considered images submitted to a particular approximation T K . The above cost function consists of a multi-objective function, which are commonly found in optimization For mid-range values of α 1 , we have less trival scenarios. In Figure 3 (a), considering the optimal transform, we notice that for mid-range values of α 1 the MRDCT and the BAS-2008 occupy most of the central area of the discussed region. Around the same region in Figure 3(b) , for the MRDCT, we obtain mostly K = 6; whereas for the BAS-2008 we have K = 6, 8. We emphasize that the proposed pruned MRDCT with K = 6 requires only 12 additions. The fast algorithm for this particular case is presented in Figure 1 (c).
HEVC Simulation
Taking into account the previous combined analysis, we embedded the proposed pruned MRDCT (K = 6), the BAS-2008 approximation (K = 8), and the pruned BAS-2008 (K = 6) in the widely employed HEVC reference software HM 10.0 [59] . This embedding consisted of substituting the original 8-point integer-based DCT transform present in the codec for each of the above-mentioned approximations. We considered nine CIF video sequences with 300 frames at 25 frames per second from a public video bank [60] . Such sequences were submitted to encoding according to: (i) the original software, and (ii) the modified software. We assessed mean PSNR metrics for luminance by varying the quantization parameter (QP) from 10 to 50 with Figure 5 shows the relative percent PSNR of each approximate method compared to the original HEVC according to QP and bitrate values. The curves show very close performance to the original codec. In Figure 5 (a), for low QP values, the approximations show even higher PSNR, i.e., more than 100% relative PSNR, suggesting better compaction capability at low compression rates. However, same QP values do not necessarily generate the same compression ratio for each method, since distinct coefficients are derived from each transformation and submitted to the same quantization table. Figure 5(b) indicates that the approximations possess slightly lower coding performance compared to original HEVC when compared at same bitrate. At the same time, the approximate methods present considerable lower computational cost and the lost of performance is smaller than 1%. Figure 6 shows a qualitative comparison considering the first frame of the standard "Foreman" video sequence at QP = 30. The degradation is hardly perceived. 
VLSI Architectures
We aim at the physical realization of pruned designs based on the MRDCT, BAS-2008, and BAS-2013. The MRDCT and BAS-2008 were selected in accordance to the discussion in previous section. The BAS-2013 was also included because it is the base for the only pruned approximate DCT competitor in literature [47] . Such designs were realized in a separable 2-D block transform using two 1-D transform blocks with a transpose buffer between them. Such blocks were designed and simulated, using bit-true cycle-accurate modeling, in Matlab/Simulink. Thereafter, the proposed architecture was ported to Xilinx Virtex-6 field programmable gate array (FPGA) as well as to custom CMOS standard-cell integrated circuit (IC) design. The transform was applied in a row-parallel fashion to the blocks of data and all blocks were 8 × 8, irrespective of pruning. When K decreases, the number of null elements in the blocks increases. The row-transformed data were subject to transposition and then the same pruned algorithm was applied, albeit for column direction. 
Figure 7: Digital architectures of the MRDCT matrix and pruned MRDCT matrices for K = 6, 4, 2. 
FPGA Rapid Prototypes
The pruned architectures were physically realized on a Xilinx Virtex-6 XC6VLX 240T-1FFG1156 FPGA device with fine-grain pipelining for increased throughput. The FPGA realizations were verified using hardwarein-the-loop testing, which was achieved through a JTAG interface. Proposed approximations were verified using more than 10000 test vectors with complete agreement with theoretical values. Evaluation of hardware complexity and real-time performance considered the following metrics: the number of employed configurable logic blocks (CLB), flip-flop (FF) count, critical path delay (T cpd ), and the maximum operating frequency (F max ) in MHz. The xflow.results report file, from the Xilinx FPGA tool flow, led to the reported results. Frequency normalized dynamic power (D p , in mW/MHz) was estimated using the Xilinx XPower Analyzer software tool. Above measurements are shown in Table 3 for the proposed pruned MRDCT (highlighted in green), the pruned version of the BAS-2008 introduced in [27] (highlighted in blue) and the pruned BAS-2013 introduced in [30] .
ASIC Synthesis
For the ASIC synthesis, the hardware description language code from the Xilinx System Generator FPGA design flow was ported to 45 nm CMOS technology and subject to synthesis using Cadence Encounter.
Standard ASIC cells from the FreePDK, which a free open-source cell library at the 45 nm node, was used Table 4 .
Discussion
The FPGA realization of the proposed pruned MRDCT showed a drastic reductions in both area (measured from the number of CLBs) and frequency normalized dynamic power consumption, compared to the full MRDCT. Table 5 shows the percentage reduction of area and frequency-normalized dynamic power for both FPGA implementation and CMOS synthesis for different pruning values. All metrics indicate lower hardware resource consumption when the number of outputs are reduced from 8 to 1. In particular, for K = 6, which minimizes the discussed cost function (cf. (11)), we notice a power consumption reduction for approximately 20-25%.
In order to compare the hardware resource consumption of the introduced pruned DCT approximation with competing transforms, we physically realized the pruned BAS-2013 algorithm [30] and the pruned BAS-2008 algorithm [27] on the same Xilinx Virtex-6 XC6VLX240T-1FFG1156 device and submitted it to synthesis using ASIC 45 nm CMOS technology. By comparing the results in Table 3 and 4, it can be seen that the proposed transform discussed here outperforms both pruned BAS-2008 and pruned BAS-2013 in terms of hardware resource consumption, and power consumption while is in par in terms of speed as well.
Conclusion
In this paper, we present a set of 8-point pruned DCT approximations derived from state-of-the-art methods. All possible frequency-domain pruning schemes were considered and analyzed in terms of arithmetic complexity, energy compaction in the transform-domain, and image compression performance. A new combined metric was defined considering the 2-D arithmetic complexity and average values of PSNR and SSIM. The pruned transform based on MRDCT presented the lowest arithmetic complexity and the showed competitive performance. Thus, the pruned MRDCT approximations were digitally implemented using both Xilinx FPGA tools and CMOS 45 nm ASIC technology. The proposed pruned transforms demonstrated practical relevance in image/video compression. The proposed algorithms are fully compatible with modern codecs.
We have embedded the proposed methods into a standard HEVC reference software [59] . Results presented very low qualitative and quantitative degradation at a considerable lower computational cost.
Additionally, low-complexity designs are required in several contexts were very high quality imagery is not a strong requirement, such as: environmental monitoring, habitat monitoring, surveillance, structural monitoring, equipment diagnostics, disaster management, and emergency response [61] . All above contexts can benefit of the proposed tools when embedded into wireless sensors with low-complexity codecs and low-power hardware [62] .
We summarize the contributions of the present work:
• The pruning approach for DCT approximations was generalized by not only considering all possible pruning variations but also investigating a wide range of DCT approximations;
• An analysis covering all cases under different figures of merit, including arithmetic complexity and image quality measures was presented;
• A combined figure of merit to guide the decision making process in terms hardware realization was introduced;
• The 2-D case was also analyzed and concluded that the pruning approach is even better suited for 2-D transforms.
• The considered pruned DCT approximation was implemented using Xilinx FPGA tools and synthesized using CMOS 45 nm ASIC technology. Such implementations demonstrated the low resource consumption of the proposed pruned transform.
